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Abstract -- This manuscript presents a learning strategy
for both classroom and laboratory settings. It
summarizes the study of the dynamic response of
cantilever beams with the aim of simulating vibrating
rod tachometers. Using 3D printing, the prototype
presented is a good option for studying the phenomenon
of resonance. It is demonstrated that cantilever bars of
the same length react in harmony when only one of them
is excited by a single particular force.

Keywords: 3D printing, computational mechanics,
resonance, mechanical vibrations, cantilever beam.

Abstract -- This manuscript demonstrates a learning
strategy both in the classroom and in a laboratory
environment. This is summarized in studying the
dynamic response of cantilever beams with the aim of
simulating vibrating bar tachometers. Using three-
dimensional printing, the presented prototype is a good
choice to study the resonance phenomenon. It is shown
that cantilever bars with the same length react in
harmony when only one of them is excited to a single
particular force.

Key words — 3D printing, Cantilever beam,
Computational mechanics, Mechanical vibrations,
Resonance.

INTRODUCTION

The tuning fork is routinely used as an acoustic
resonator. It provides a convenient means of producing a
sound of a certain pitch, and therefore presents
calibration opportunities, not only in musical
instruments. The concept of resonance is exploited in a
variety of contexts in scientific applications

including AFM (Atomic Force Microscopy) [1,2], MRI
(Magnetic Resonance Imaging) [3], electrical circuits
[4], lasers and optics [5], and nanotechnology [6]. As a
fundamental physical phenomenon, it plays a key role in
teaching vibrations. Furthermore, the unique advantages
of additive manufacturing have been shown to
encourage quality and learning from failures among
engineering professionals and students in order to
achieve designs that are feasible to manufacture.
Generally, the evaluation of the results and functionality
of creative designs using additive manufacturing is
performed wusing an analytical or computational
numerical method [7,8].

In this short article, we describe the use of a 3D printer
to facilitate an effective demonstration of resonance.
The device is self-contained and does not need to
involve any measurements, as the demonstration can be
based on purely visual appreciation.

Many conventional demonstrations of resonance involve
the use of a variable (non-trivial) device or frequency
driving signal, but the system described in this paper
involves only simple ideas, direct observation, and a 3D
printer.

The flexural stiffness of any thin structural member
depends on the type of material and geometric
properties, but especially on the length of the member,
since the natural frequency tends to scale with the
inverse of the square of the length [9]. For example,
halving the length of a cantilever will typically
quadruple the natural frequency. A continuous elastic
system has an innate number of frequencies and mode
shapes, but here we will focus on the lowest frequency
in the bending vibration of prismatic cantilevers, i.e.,
members in which the cross-sectional properties are
constant along the entire length.

Therefore, since all dimensions of various cantilevers
can be printed with a high degree of precision and using
the same material, it is
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relatively easy to isolate a single parameter of change—
the length. A detailed analysis based on the partial
differential equation of motion can be explored, and
such systems are also susceptible to approximation
analyses such as Rayleigh-Ritz; such analysis is pending
for further research.

3D printing has provided a useful means of exploring
the stiffness and natural frequencies of aircraft structures
[10,11], and given the ubiquity of 3D printers, it is not
surprising that 3D-printed components can play a useful
role in the field of physics and engineering education
[12,13]. There may be deficiencies with some of the
mechanical properties of ABS, a thermoplastic used by
many 3D printers, for example, with viscoelasticity and
accuracy in Young's modulus [14], but these are minimal
for a single printed part.

DEVELOPMENT

A harmonic resonator consisting of flexible cantilevers,
manufactured from ABS material, is designed and
constructed (see Fig. 1). The educational prototype
consists of four groups of bars of different lengths: 105
mm, 87.5 mm, 70 mm, and 52.5 mm. All have a
rectangular cross-section of 1.51x7 mm. The mechanical
properties of ABS are: Density=1060 kg/m3, Young's
modulus = 2275 MPa, Poisson's ratio = 0.35, bulk
modulus = 2.52 GPa, shear modulus = 842.59 MPa,
ultimate tensile strength = 40 MPa, and compression
yield strength = 65 MPa.

Figure 1. CAD design of a flexible cantilever harmonic
resonator (a) and 3D ABS print of the model (b).

@

Source: Own creation.

Analytically, the natural frequency of a flexible
cantilever is determined by the equation [15]:
Ky \/ETg B

f’;:,

— Eq. (1)

27t wl
where E is Young's modulus, g is the force of gravity, /
is the length of the bar, g, is a factor that refers to the
vibration mode (see Table 1), and w is the load per unit
length, including the weight of the bar, and is defined
by:

w = hbég, Ec. (2)

where 7 is the height (1.51 mm), b is the width of the
cross section (7 mm), and 6 is the mass density of the
cantilever bar material. The variable / in (1) is the
second moment of inertia of the cross section, which for
a rectangular section is determined by:

bh) (3) .

1= Eq. (3)
12

Table 1. Factors for the first 5 vibration modes of a
cantilever beam.

Vibration Mode Kn
1 3.52
2 22
3 61.7
4 121
5 200

Source: Own creation.

For each bar of different length, the formula

(1) is applied to determine the natural frequency in each
vibration mode. The results obtained are shown in Table
2.

Table 2. Results of the modal analysis for the first 5
vibration modes of the cantilever beam.

Length Natural frequency per vibration
o) mode (Hz)
1 2 3 4 5
105 324 | 203 569 1120 | 1840
87.5 46.7 | 292 819 1610 | 2650
70 73 456 | 1280 | 2510 | 4150
52.5 131 821 | 2300 [ 4510 | 7460

Source: Own creation.

Experimentally, if one of the bars of one of the

4 groups of length are displaced a certain transverse
position in such a way as to generate a vibratory
movement (see Fig. 2), the other three bars of the same
length will begin to vibrate in unison. The same effect
occurs if any of the other cantilevers are excited.

Figure 2. Transverse displacement that generates
vibratory motion in the cantilevered bars.
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Therefore, the initially excited cantilevered bar causes
the other bars of the same length to vibrate, thus
generating natural frequencies that produce harmonic
resonance. This is because the energy generated by the
vibratory movement is structurally transferred through
the printed base, especially due to the low damping
coefficient. It can be observed that the mass or stiffness
of the base is not a critical factor, as it is sufficient to
simply hold the prototype in your hand and excite one of
the bars to show the harmonic resonance effect.
Furthermore, it is evident that longer cantilevers can
produce larger amplitudes and lower resonance
frequencies (see results in Table 2). Equation (1) reveals
an interesting effect: the natural frequency of a
cantilever is independent of its width. This is because
the stiffness (specifically, the second moment of area, 1)
scales linearly with b, but so does the mass per unit
length, so these cancel each other out.

DISCUSSION AND ANALYSIS OF RESULTS
A) Modal Analysis

The objective of modal analysis in structural mechanics
is to determine the natural frequencies and modes of
vibration of an object or structure during free vibration.
It is common to use the Finite Element Method (FEM)
to perform the analysis because, as in other calculations
using FEM, the object being analyzed can have arbitrary
shapes. The physical interpretation of the eigenvalues
and eigenvectors, which come from solving the system,
represent the corresponding frequencies and modes of
vibration. Some of the results that can be obtained with
this type of analysis are the deformation and high stress
points in the structure due to each of the modes of
vibration. Fig. 3 shows the free vibration modal analysis
of the harmonic resonator prototype using FEM for the
105 mm long cantilever bar, in which the deformation of
the four barsat anatural frequency can be observed.

average of 32 Hz, which corresponds to the first
vibration mode. This value coincides with that
calculated in Table 2. It is important to note that the
software displays this average value as four different
modes, but the numerical error between them is minimal
and, therefore, only the deformations of all bars of that
length are simulated. A similar explanation applies to
the 87.5 mm and 70 mm long cantilevers, whose average
natural frequencies for the first mode using
computational mechanics are

46.01 Hz and 71.628 Hz, respectively. This again
coincides with the results reported in Table 2. Figures 4
and 5 show the deformations for each of these groups of
bars when they are in resonance.

Figure 3. Deformation of the 105 mm cantilevers in a
first vibration mode with an average frequency of 32 Hz.
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Figure 4. Deformation of the 87.5 mm cantilevers in a
first vibration mode with an average frequency of 46.01
Hz.

Receipt: June 12, 2025 | Acceptance: September 13, 2025 | Publication: October
8,2025

Page 84

IPSUMTECS | Volume 8 — No. 3 | July-December 2025



d#iPSUMTEC

ISSN: 2594 - 2905

EDUCACION @;‘“ﬁ &)

corresponding to the lowest frequencies because they
may be the predominant modes in the vibration of the
object (which are those obtained for this prototype using
FEM). Note: Due to the capacity of the department's
computing resources, it was not possible to
computationally model the 52.5 mm long cantilever bar.

B) Harmonic analysis

Harmonic analysis is used to find the response frequency
in a structure when it is subjected to an oscillating load
in a certain vibration mode. This type of analysis is very
useful because there are structures that have harmonic
frequencies that are often not considered and can
become an important failure factor. Among the results
that can be obtained with this type of analysis is the
amount of deformation suffered by a structure at a given
frequency. Another important result is a graph showing
the deformation of the structure within a defined range
of frequencies. In view of the above, a harmonic
analysis is simulated using computational mechanics for
the harmonic resonator prototype. A load of 1IN is

T““‘E'D“ﬁ_ applied to a 105 mm cantilever (see Fig. 6a) in a
Mode ||v Frequency [Hz] .

T 3183 frequency range of 0 to 150 Hz, and a maximum
T deformation of 4 mm is observed (see Fig. 6b).

4 |4 32010

5[5 45.997 . . . .

5 6. 401 Figure 6. Load application on one of the cantilevers (a)
7 |7 46.016 . . .

m o and deformation results from harmonic analysis (b).
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Source: Own creation.

Figure 5. Deformation of the 70 mm cantilevers in a first
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Although Table 2 shows the values for the first five
vibration modes of each cantilever, on occasion, the
only modes desired are the
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Figure 7. Amplitude vs. frequency graph in the direction of load application.
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Finally, Fig. 7 shows an amplitude vs. frequency graph the critical vibration of one of the cantilevers.
in the direction of load application. This graph shows Provided that the dominant excitation
the critical deformation ranges of the harmonic frequency is within the range of natural
resonator, which occur at the frequencies determined in frequencies, its values can be determined
the modal analysis (32 Hz, 46.01 Hz, and 71.628 Hz). analytically and numerically as established in
Therefore, these are the resonance frequencies. this work and validated experimentally by
acquiring data using a laser tachometer at the
CONCLUSIONS tip of the cantilever involved.
Conventional introductory material on mechanical - Study the spectrum of temporal dependence
vibrations commonly begins with the mass-spring versus the displacement of the tip of the bar
system, despite the relative difficulty of changing until the movement decays due to material
parameters, such as adding another mass. However, for damping and correlate it with its respective
systems with distributed mass and stiffness, simple frequency spectrum defined from an FFT (Fast
cantilevers have been used to easily demonstrate the Fourier Transform).
natural frequency of vibration through observation. This
paper shows a simple extension, using a 3D printer, to ACKNOWLEDGMENTS

develop an effective demonstration of resonance to
characterize one of the most important parameters in
structural dynamics and vibration. Future lines of work
in educational research can focus on:

- Designing a prototype from a significant set of
cantilever overhangs, following a periodic
pattern of slightly different lengths that
functions as a basic mechanical tachometer
device. To indirectly determine the operating
frequency (rpm) of a systemic component of a
machine (e.g., an engine) from

The authors would like to thank the Tecnolégico
Nacional de México/Instituto Tecnoldgico Puebla (Grant
No. 18862.23-P) for funding the presentation of this
research paper.

BIBLIOGRAPHY

[1] Melanie Miiller, "Imaging surfaces at the space—time
limit: New perspectives of time-resolved scanning
tunneling microscopy for ultrafast surface science,"
Progress in Surface Science, 2024, vol. 99, pp. 100727.

Receipt: June 12, 2025 | Acceptance: September 13, 2025 | Publication: October
8,2025

Page 86

IPSUMTECS | Volume 8 — No. 3 | July-December 2025



EDUCACION @mmmm -

d#iPSUNMTEC
ISSN: 2594 - 2905

[2] Xiulin Shen, Zhenfei Lv, Kimiyoshi Ichikawa,
Huanying Sun, Liwen Sang, Zhaohui Huang, Yasuo
Koide, Satoshi Koizumi, Meiyong Liao, “Stress effect
on the resonance properties of single-crystal diamond
cantilever resonators for microscopy applications”,
2022, vol 234, pp 113464.

[3] S.A. Huettel, A-W. Song and G. McCarthy,
“Functional Magnetic Resonance Imaging”, 3rd Edition,
Sinauer Associates: Sunderland Massachusetts, 2014.
ISBN 9780878936274

[4] Michael H. Tooley,
Fundamentals , and
Edition,

London: Routledge, 2015. ISBN 1138828920

[5] A. Allen and J.H. Eberly, “Optical Resonance and
Two-Level Atoms”, 1st Edition, Dover, 1987. ISBN
0486655334

[6] Hairui Wang, Chen Wei, Yao Zhang, Yinji Ma, Ying
Chen, Heling Wang, Xue Feng, “Tunable Three-
Dimensional Vibrational Structures for Concurrent
Determination of Thin Film Modulus and Density," J.
Appl. Mech., 2022, vol 89(3), pp 0310009.

[71 S. Chekurov, M. Wang, M. Salmi, J. Partanen,
“Development, Implementation, and Assessment of a
Creative Additive Manufacturing Design Assignment:
Interpreting Improvements in Student Performance”,
Education Sciences, 2020, vol 10(6), pp 156.

[S]R. Prabhu, T. W. Simpson, S. R. Miller, N. A.
Meisel, “Break it down: comparing the effects of
lecture- and module-style design for additive
manufacturing educational interventions on student
designers’ learning and creativity,” International Journal
of Design Creativity and Innovation, 2023, vol. 11(4),
pp- 229-252.

[9] Lawrence N. Virgin, “Vibration of Axially Loaded
Structures”, 1st Edition, Cambridge University Press,
2012.

[10] M. Trujillo, M. Cheng-Guajardo, M. Curtin, A.
Abdelkefi, “Experimental characterization of bending
modes and investigation of multi-stable solutions of
PLA-based additively manufactured beams”,
Mechanical Systems and Signal Processing, 2024, vol
220, pp 111665.

[11] M. Truyjillo, L. Corral, M. Curtin, A. Abdelkefi,
“Comparative investigations on the dynamical responses
of ABS and PLA additively-manufactured beams”,
International Journal of Non-Linear Mechanics, 2023, vol
157, pp 104558.

[12] Lawrie N. Virgin, “On the Free Vibration of 3D-
Printed Structural Elements”, J. Phys.: Conf. Ser., 2024,
vol 2909, pp 012011.

[13]S. Khalilpourazary, F. Kafili, “Eco-friendly free-
size paper models: Integrating additive manufacturing
with laser cutting for educational applications”,
International Journal of Mechanical Engineering
Education, 2025, vol 1(1).

[14] Lawrence N. Virgin, “Comparative structural
stiffness: Exploiting 3D-printing”, Am. J. Phys., 2020,
vol 88(12), pp 1049-1058.

“Electronic  Circuits:
Applications,” 4th

[15] Richard G. Budynas, Ali M. Sadegh. “Roark’s
Formulas for Stress and Strain”, 9th Edition, McGraw
Hill, 2020. ISBN 1260453758

Contribution Role Table
Role Author(s)

Javier Flores Méndez /
Gustavo M. Minquiz

Conceptualization

Data curation Marino Viveros Mora

Methodology Javier Flores Méndez /
Gustavo M. Minquiz

Project management Adriana Anel Téllez
Méndez

Resources Adriana Anel Téllez
Méndez

Supervision Gonzalo Espinosa
Cuatlapantzi

Validation Javier Flores Méndez /
Gustavo M. Minquiz

Writing (Original Gonzalo Espinosa

draft) Cuatlapantzi / Marino
Viveros Mora

Javier Flores Méndez /
a Gustavo M. Minquiz

(o). @

This work 1s

licensed under an

international

Creative Commons Attribution 4.0.

Editing (Revision

nd editing)

Receipt: June 12, 2025 | Acceptance: September 13, 2025 | Publication: October
8,2025

Page 87

IPSUMTECS | Volume 8 — No. 3 | July-December 2025



